Some new analytical solutions for dimensionless pressure vs. dimensionless time are presented. It is deomonstrated how these new solutions, together with existing ones, can be used for unravelling reservoir heterogeneity patterns, quantitative interpretation of selected field tests, and well test design. The field tests cover both naturally fractured carbonates and layered sandstones.
INTRODUCTION
Over the past few years, there has been an increasing trend in industry to develop tighter and more heterogeneous reservoirs. Simultaneously, detailed studies of old fields often demonstrated that reservoirs are not as homogeneous as they were originally thought to be. In both cases, the petroleu~ engineer should be in a position to characterise and define the nature of these heterogeneities, in order to select the best production policy for the field, be it primary or enhanced.
References and illustrations at end of paper.
There has also been a significant upsurge of industry interest in well testing recently. The reasons are two-fold. First, the advent of fast computers together with the development of analytical and numerical (=simulator based) flow models has greatly enhanced our theoretical base of well test interpretation. Secondly, the introduction of precision pressure gauges, continuous downhole pressure recording etc. has vastly improved the quality of pressure data available for analysis.
The main types of heterogeneities that may be encountered in reservoirs are summarised in ig. 1, comprising (i) natural fractures, (ii) stratified formations with sealing shale layers, (iii) heterogeneous formations with interlayer cross-flow. Combinations of these three main types of heterogeneities are also possible. The factors which usually complicate well test interpretation are near well-bore effects such as skin and bore hole compressibility, and influences of reservoir boundaries such as faults or gas caps/ aquifers.
Although much has been published on well testing in recent years, gaps still exist. For instance, there were significant contributions to the well testing theory in heterogeneous formations during 1982, which did not, however, include the effect of well bore storage. There is thus the need for a study which tries to close some of these gaps. The other, perhaps even more important, objective of the present study is to demonstrate the use of well testing theories for interpretation in realistic field cases and for well test design. In this context, field examples are presented for naturally fractured carbonates. stratified formations and heterogeneous reservoirs with interlaye cross-flow.
All equations were originally solved with the help of a micro computer (HP-85). In order to use these analytical models efficiently for well test design and interpretation, running on faster computers is obviously required. SOME NEW ANALYTICAL SOLUTIONS AND GENERAL FIELD EXPERIENCE SPE 11964
NATURALLY FRACTURED FORMATIONS
Fractured formations contain many of today's known oil fields. Such formations have a so-called dual porosity system: a matrix porosity and a fracture porosity. Fractures are either solution cracks or tectonic fractures. The objective of well testing in fractured formations is to obtain: (i) the permeability of the fracture system, (ii) the skin factor, (iii) average reservoir pressure, (iv) the secondary porosity parameter w, and (v) the matrix-fracture cross-flow coefficient A. Both w 'and A are dimensionless numbers.
THEORY
Well testing theory for naturally fractured formations has undergone significant development in recent years. References 1 to 4 in historical sequence may be quoted amongst many others. Theories presently available for predicting dimensionless pressure vs. dimensionless time include after-flow, skin, transient and semi steady state flow between matrix and fractures, plus a wide range of boundary conditions.
It is generally accepted nowadays that formations with a dual porosity system should be analysed using both semi-log and log-log plots. A log-log plot of P D vs tn/CD for a flowing well, such as shown in F~g. 2 tor 4 different skin factors, clearly illustrates the different flow regimes during a well test: (i) well bore storage effects in the early part, when the curve is near the 45° line; (ii) depletion of the fracture system (between 45° line and line labelled 2'), (iii) the transition region, characterised by a nearly horizontal line, and (iv) depletion of the entire system (to the right of the line labelled 2). It has been stated in the past, Ref. 1, that naturally fractured systems usually result in 2 parallel semi-log straight lines on a Horner plot. This is, however, only true in special circumstances. The extent of the transition region (iii) shown in Fig. 2 , together with the line labelled 1, showing the beginning of the semilog straight line for single porosity systems, determines whether or not 2 parallel Horner straight lines will occur. For the conditions prevailing in Fig. 2 , this is not the case, as the transition region (iii) starts before a semi-log straight line would have been reached in phase (ii). For 2 parallel semi-log straight lines to occur, the matrix-fracture cross-flow coefficient A generally has to be less than a certain value. This has the effect of moving the transition zone to the upper right hand side of the plot, i.e. the semi-log straight line in flow region (ii) is reached before the start of the transition flow region. The start of the semilog straight line in flow region (iv) coincides with the end of the transition region, refer to Fig. 2 .
In order to aid in well test analysis, several log-log type curve plots were generated, which illustrate how individual reservoir and well parameters influence the shape of the type curve. Only selected type curve plots are shown.
Results can be summarised as follows: (i) A negative skin factor usually causes a larger slope at long time values (Fig. 2) . This has nothing to do with a boundary effect.
(ii) For small values of A, the transition zone starts later and lasts longer. It thus moves to the upper right hand side of the plot.
(iii) Transient flow between matrix and fracture, as compared to the normally assumed semi steady state flow, gives the transition zone a slight tilt.
(iv) An increased well bore storage coefficient significantly shortens the transition zone.
(v) A decrease in the secondary porosity parameter w lengthens the transition zone.
(vi) Boundary effects show up clearly on the loglog plot such as shown in Fig. 3 . In this case, for a well draining a rectangle with width to length ratio 1:3, the lines become steeper at larger times.
APPLICATIONS Example No.1
The first well chosen is an oil well completed in a European offshore chalk province. The reservoir is known to have natural fractures which are mostly of a tectonic nature. The well was acidized, cleaned up and shut in for a prolonged period prior to being tested at constant rate. The reservoir fluid is undersaturated.
Recorded pressures are given on page 1 of Appendix A which is followed by the interpretation. A semi-log analysis was attempted first, as the Horner plot on with the Horner method. The conclusion is that, except for the value of w, agreement between the two interpretations is excellent. The cause for the discrepancy in the interpreted value of w soon becomes apparent when we inspect Fig. 2 (the type curve in Fig. 5 has been found by interpolation from Fig. 2 ). As mentioned in chapter 2.1, the prevailing value of A is obviously not small enough, causing the transition zone to start before the semi-log straight line is reached in the initial period. The fact that the Horner plot shows 2 parallel lines is thus misleading. The second straight line is in the correct position, as can be verified with the type curve. The first one is only apparently parallel and still influenced by well bore storage effects. The true first semi-log straight line is also shown on Fig. 5 and was obtained by calculation, accepting the type curve interpreted value of w = 0.001. It should be noted that fracture systems.of a tectonic nature rarely exhibit w's in excess of 1%, even in case of high connate water saturations in the matrix (refer to definition of w). Accepting the value of w derived by semi-log analysis would obviously lead to an inflated estimate of oil in place in the fracture system.
The other important lesson that we learn from this type of test is that flow tests have to be conducted for quite a long time to reach a reliable semi-loS straight line. t'~ should be of the order of 5xlO as compared to 2x~0 in the case of homogeneous formations. In order to obtain real times, tD has to be divided by the diffusivity constant k/~c~r 2. Typical values of the diffusivity constant for a ~ermeability of about 100mD are 25,000 hr-1 for a gas reservoir. In the~ of example 1, the second Horner straight line does not start until ±24 hrs.
.
The well chosen is a gas well completed in a carbonate formation onshore Europe. The reservoir is known to have a dual porosity system. The fracture system consists mainly of solution cracks. The well has been on production and was subsequently shut-in for a long period of time at the end of which the reservoir pressure was practically fully built-up. A production test was subsequently conducte( which consisted of a 48 hrs flowing period followed by a 204 hrs shut-in.
Pressures recorded during the flowing and shutin per-dios, together with a detailed interpretation, are given in Appendix B. In order to provide as wide a data band as possible for analysis, the raw pressure data of both periods were subjected to "desuperposition" as suggested in Ref. 5 . Prior to that all pressures were converted to real gas pseudo pressures. The result is a continuous unit inflow function, extending over both flowing and shut-in periods, which can then be plotted on both log-log and semi-log paper. This approach requires that the skin factor remains constant over the entire period; secondly, points affected by well bore storage are only allowed at the beginning of the first flow period. The pressure recordings in the beginning of the shut-in period which were obviously affected by afterflow were thus eliminated. The resulting semi-log and log-log plots are shown as Figs. 6 and 7 respectively. "Pseudo-times" according to Ref. 6 are plotted on the time axes to eliminate distortions due to non-constant ~c product.
The type curve match together with the Horner plot indicates that we are dealing with a dual porosit system characterised by a relatively large matrixfacto!3cross-flow coefficient, Le. ), of the order of 10 • A very short and early transition period is indicated on the Horner plot, whereas it is barely visible on the log-log plot. The consequence is that the first Horner straight line hardly appears at all and that, as in example 1, w cannot be estimate from the semi-log plot.
The second semi=log straight line can be drawn on the Horner plot and its position is also reinforced by the type curve match. Both Horner plot and type curve match show very clearly the boundary effect.
Geological data available indicated that the well was draining a rectangular area with a width to length ratio of 1:3. The well is located close to a corner of the drainage area. The type curve chosen for the match shown in Fig. 7 was interpolated among the ones shown in Fig. 3 which were specially created for this type of boundary configuration.
Both type curve and semi-log interpretation give very consistent results, refer to table 2: fracture permeability between 4.4 and 5.6 mD, skin factor between -3 and -3.6, matrix-fracture cross-flow coefficient between between .001 and .0026; w was only available from the type curve match and is approximately 0.001. Noteworthy is the rather high value of the dimensionless well bore storage constant C = 10,000. This is typical for a gas well prgducing at relatively low pressure, but it could also indicate a larger volume (e.g. fractures) connected to the bore hole.
STRATIFIED FORMATIONS

THEORY
The pressure behaviour of a well completed on two layers separated by a shale has been described in Ref. 7 . Reference 7 is a thorough investigation into the medium and long term behaviour of such wells, but omits early time effects which are usually influenced by the skin and well bore storage effects. The latter was included by the present author, Ref. 8, for circular formations. The resulting equation for the dimensionless pressure as a function of dimensionless time is repeated in Appendix C. page 1. The theory has recently also been extended by the author to wells located anywhere within a rectangularly bounded area.
In solving for the dimensionless well bore pressures, rather complicated Laplace transforms such as equation C-l had to be inverted. This was accomplished successfully using the numerical scheme of Ref. 9.
A typical log-log plot of P vs t Ic is shown as Fig. 8 . In all subsequ~nt di~cu~sions and figures P D and tD are defined with average values of k and ~ (P D = P (av) etc). Figure  8 applies to a pressure bRild-up showing P (superimposed) for a circular drainage area. Twg sand layers with permeability contrast 10, the low permeability layer being 10 times thicker than the high permeability one, were modelled. A common skin factor has been assumed. Figure 8 illustrates how the system is initially dominated by afterflow, enters a brief infinitely-acting period, and ends up with a "hump". The magnitude of the "hump", according to Ref. 7, depends on the producing time and the permeability contrast. It reflects in approximation the difference between the average system pressure and the one of the most depleted layer. It should be pointed out that the "hump" is virtually absent in wells producing only for short times.
APPLICATIONS Example No.3
The example refers to an oil well in the SOME NEW ANALYTICAL SOLUTIONS AND GENERAL FIELD EXPERIENCE SPE 11964
Western Hemisphere in a roughly circular drainage area. The well is completed in a sandstone environmen The geological model is that of highly permeable river channels embedded in low permeability overbank deposits. The completion log indicates the likelihood of a two-layer system. The survey was taken after a cumulative production of some 585,000 stb and lasted for 72 hours •. The reservoir contains light oil. The GOR prior to the survey was somewhat above solution GOR.
A complete interpretation was attempted in this case, refer to Appendix D for details. The type curve match is illustrated in Fig. 9 whereas the Horner plot is shown in Fig. 10 . The type curve of Fig. 9 was interpolated among the ones shown in Fig. 8 .
Both Horner and type curve interpretations gave very consistent results, i.e. an average system permeability of 15 mD and a skin of +15, refer to table 3. Note that the Horner slope in the infinitely acting period always gives the average system permeability. What is really remarkable in this test, is, however, the conclusion regarding the average reservoir pressure. Had the survey only lasted 24 hours as is often the case, a reservoir pressure of near 1000 psia would have been interpreted. The use of the type curve in conjunction with the long pressure build-up indicates, however, that the reservo r pressure is more likely to be near 1600 psia. This result was obtained by converting the dimensionless f,inal pressure rise from a reference point, as indicat d by the type curve, into psi. The reservoir engineer who would work with a reservoir pressure of 1000 psia instead of 1600 psia would thus draw the wrong conclusions in his reservoir analysis work, e.g. he would try to look for smaller drainage areas etc. Obviously, a 72 hour pressure build-up survey cannot always be justified. Alternatives for finding representative reservoir pressures could be carrying out static surveys in inactive wells, or carrying out short pressure build-ups in selective zones.
TWO-LAYER FORMATIONS WITH INTERLAYER CROSS-FLOW THEORY
One of the more recent publications on the subject is Ref. 10, which was based on numerical simulations. Ref. 10 concluded that the pressure transient behaviour of this type of formation can be subdivided into 3 parts: (i) a period during which the system behaves as if it were stratified, (ii) a transition period during which flow behaviour is dominated by interlayer cross-flow, and (iii) a period during which the reservoir behaves as an equivalent single-layer system.
Since neither Ref. 10 nor some of the earlier publications on the subject includes a complete set of realistic boundary conditions such as afterflow and skin, these have been added to the analytical solution. The analytical solution is based on Ref.
11 which could be extended by adding skin factor and well bore storage. The resulting equation for the dimensionless well bore pressure (in Laplace domain) has been derived in Appendix E for the conditions of negligible gravity effects and identical skin factors in both layers.
The mathematical expression contains an infinite series which converges very rapidly, and could be inverted using the Stehfest algorithm (Ref. 9). Some problems were encountered with accuracy. In particular, for problems with a permeability contrast> 100, it could not yet be solved with a computer having a l2-digit accuracy. Some numerical experimentation is obviously still required. The solution given in Appendix E can also easily be adapted for the case of anisotropy which must, however, be common to both layers. All that needs to be done is modifying certain equations of Appendix E by introducing the anisotropy ratio ~/kv'
Results and Discussion
Out of the cases run so far, two are shown on Figs. 11 and 12 as log-log and dimensionless Horner plots respectively. The cases investigated refer to a radial reservoir consisting of 2 layers. The reservoir has on purpose been chosen very large (reD = 20,000), and the permeability contrast between fhe 2 layers is 100. The less permeable layer is 10 times as thick as the highly permeable layer. A pressure bu~ld-up after a production period with tD = 5xlO was simulated, with the dimensionless well bore storage constant CD being 1000.
The dimensionless Horner plot, Fig. 12 , in conjunction with the type curve plot Fig. 11 , clearly illustrates the various periods. In the first period, the system behaves like a stratified system; the early part is dominated by afterflow, and the semi-log straight line is not yet reached when the pressure behaviour passes into the transient period. The transient period is characterised by an early flat part followed by a somewhat steep line that merges into the third period during which the system behaves like a single-layer system. The semi-log straight line with slope 1.15 in the dimensionless Horner plot is clearly visible. It later bends over due to the boundary effect.
It follows thus that stratified systems and systems with inter layer cross-flow are very similar on semi-log and log-log plots up to and including the initial flat portion. In stratified systems, total kh should be found on the semi-log plot prior to the flat part. The rise after the flat part can be used to estimate the average reservoir pressure of the entire system, by comparing a log-log field plot with an appropriate type curve. In heterogeneous systems with inter layer crossflow, total kh and average reservoir pressure can be found from the semi-log plot after the flat part. Figure 11 also indicates that the semi-log straight line starts quite late for the case of the 2 layer system w~th cross-flow: at tB/C D = 500 or tD = 5 x 10 with CD equal to 10 O. This is nearly a factor 10 (!) longer than in the homogeneous single layer case (also indicated on Fig.  11 ). The transition time extends thus over one complete log cycle on the dimensionless time axis.
If we are primarily interested in k and S, it may become attractive to install a bottom hole shut-off tool, in order to minimise well bore storage effects and therefore avoid excessively The well chosen here is used only for illustration. It is an onshore oil well in the Far East, completed in a sandstone environment. The formation is known to be heterogeneous; however, only a porosity profile, derived from logs, was available. The semi-log plot shown on Fig. 13 corresponds to a shut-in of 24 hours after only a short initial production period. The plot indicates an initial period in which the system exhibits well bore storage effects and possibly a transition period extending over roughly 1 log cycle. The early flat part in the transition period is clearly visible. This means that in the case of an initial test, the true straight line would appear quite late and would be only a very short line at the end of the Horner plot. It also means that the only reliable way to estimate kh in this type of test is to minimise well bore storage effects such that the semi-log straight line is reached before the onset of the transition zone. A bottom hole shut-off tool may thus be necessary. If a well test ends in the early flat part of the transition period, it may, moreover, lead to the interpretation of a boundary effect and/or over-estimation of the kh.
CONCLUSIONS
Theory, reinforced with realistic field examples, has led to the following conclusions in this study:
1. When carrying out well test analyses in heterogeneous formations, both log-log and semi-log plots of field data should first be compared to theoretical solutions of P D vs tD for recognition of the heterogeneity patterns one may expect from the geological environment.
2. There are many cases in naturally fractured formations where 2 parallel semi-log straight lines appear of which only the second is correct. The secondary porosity cannot be estimated from the Horner plot in this case. In many cases, well tests may have to be conducted for twice as long as in homogeneous sandstgne formations to be 3ble to estimate kh (t D -SxlO as compared to 2xlO ).
3. Well tests in stratified formations, such as 2 layers separated by shales, usually fail to indicate the true average reservoir pressure of the system. A type curve derived for this situation can be of help to estimate the average reservoir pressure for cases of long pressure build-ups extending up to 72 hours.
4. Well tests in heterogeneous systems with interlayer cross-flow have to be carried out for a considerable length of t~me to reach the semi-log straight line: tD -SxlO for a typical case with a permeability contrast of 100, nearly a factor 10 longer than in the case of a single layer.
If a well test ends earlier (in the transition
,I
zone), it may give the false impression of stabili sation and thus point to a small drainage area. At the same time, the system permeability may be grossly over-estimated. A serious discrepancy between the interpreted system permeability and that from another source (e.g. cores) may be taken as a warning. 
GENERAL LIST OF SYMBOLS AND UNITS
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Secondary porosity parameter w According to the geological interpretation, the well appears to drain a rectangular area of 6800 ft length, 2150 ft width (-340 acres). The well is located 6000 ft from the left boundary of the field and 400 ft from the upper boundary.
Prior to the current production test it was produced at 8815 Mscf/d for 5393 hours and closed in for 192 hours. At the end of the long shutin the rate of pressure build-up was negligible.
The current production test consisted of a 48 houLflor rate at 5430 Mscf/d, followed by a pressure bUild-up which lasted for 204 hours. The following correlations were found to apply: The following arbitrary point is chosen on the "Horner" Straight line: This value is clearly too high, which means that the Horner interpretation of w is masked due to the well bore storage effect. The large value of C is rather typical of a gas well producing at relatively low pressure. *)The slope at this point in the Horner plot is, however, already affected by cross-flow between the layers (see also type curves).
*) Estimate, including pore compressibility plus contribution of gas and water. This corresponds to 20 x 30 = 600 psia.
Adding 600 psia to P ws at "start Horner", i.e. 1070 psia, gives Since p* from the Horner graph is 1270 psia, the Mathews-Brons-Ha~e~roek correction is negative in this case (p* -P = -400 psia) , due to the heterogeneity of the system. Boundary conditions:
• -" -(-.1 + Csp (s» . (1) Consistent units are assumed.
(2) Boundary conditions (E-10, E-ll) assumes a common skin factor over both layers.
General solutions satisfying (3), (4):
and (6) yield:
or Taking (E-7) and (E-8) into account, the general solutions for the pressure become:
wt. w 2 ", \In are solutions to (15). (16). (17) whereas urn "'s defined as:
The coefficient ~ (s) together with the transfQrm of the well pressure pn can be found from (19) together with boundary c~nditions (9), (10) after some algebraic manipulations (see Ref. 12 105~~-------------------------------------------------------- ---------------------------------------------------~----------------------------------_, ci. 
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